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We derive a simple formula for the finite-temperature shifts
of the collective excitations of a Bose-Einstein condensate. To
test the validity of our treatment we apply it to explain the
anomalous behavior of the “m = 2” excitation frequency in
the recent JILA experiments (D. S. Jin et al, PRL, 78 (1997)
764), where this frequency does not approach its “noninter-
acting” value at ω = 2ωρ but, instead, decreases with tem-
perature. It turns out that the effect is mainly governed by
a resonance between the condensate excitation frequency and
one of the quantum eigenfrequencies of the thermal cloud.
Comparison of our predictions with the JILA experimental
data shows a good agreement.
The recent discovery of the Bose-Einstein condensa-
tion in dilute atomic gases [1] has incurred a tremen-
dous burst of experimental and theoretical research in
this area. Whereas zero-temperature properties of Bose
condensates seem to be well understood by now, theory of
the finite-temperature behavior of the system is far from
being complete. One of the most intriguing effects unex-
plained so far is the shifts in the spectrum of collective
excitations at finite temperatures. A possibility of direct
comparison of the theoretical predictions in this area with
the experimental data [2,3] provides us with a unique op-
portunity to test the numerous theoretical assumptions
used to describe Bose gases in general. Among such open
issues are validity of the mean-field description, relevance
of the anomalous density of the non-condensed particles,
role of the many-body and trap-induced modifications of
the interaction strength etc.
The first attempt to approach the problem of the finite-
temperature shifts was made in the works [4,5] where the
collective excitation frequencies were associated with the
elementary excitations spectrum of a stationary Popov
Hamiltonian, where the thermal cloud was considered as
being static. In a subsequent paper [6] the model was im-
proved by taking into account the many-body reduction
of the interaction strength [7]. The next important step
forward involved the dynamical response of the thermal
cloud [8,9]. Furthermore in the Ref. [10] the frequency
shifts were calculated using Gaussian ansatz for both
the condensate and the thermal cloud. Hydrodynamic
treatment of the problem is presented in [11]. Whereas
all the works listed above were based on the mean-field
treatment authors of the paper [12] develop a perturba-
tion theory to derive expressions for both frequencies and
damping rates.
In our work we first derive a general formula for the
finite temperature frequency shifts of the collective ex-
citations of a Bose condensate: the expression we ob-
tain is independent of model chosen to describe the ther-
mal cloud. Furthermore we notice that the recent finite-
temperature excitation experiments in JILA [2] give us
an excellent opportunity to test our findings: using the
fact that in the case of the “m=2” excitation a strong res-
onance between the collective excitation of interest and
one of the quantum eigenfrequencies of the thermal cloud
takes place, we restrict our description of the dynamical
response of the thermal cloud to only two modes and
obtain a simple closed set of algebraic equations, from
which we deduce the values of the frequency shifts at dif-
ferent temperatures. We compare our results with the
JILA experimental data.
Let us consider a time-dependent Gross-Pitaevskii-like
equation for the mean φ = 〈ψˆ〉 of the quantum field ψˆ of
a collection of trapped bosons below the Bose-Einstein
transition temperature:
ih¯
∂
∂t
φ = [
p2
2M
+ Vtrap + g(nc + 2n˜) ]φ+ gm˜φ
⋆ ; (1)
here and below nc = Nc|φ|2 and mc = Ncφ2 are the
condensate normal and “anomalous” densities, Nc is the
number of particles in the condensate, n˜ = 〈δψˆ†δψˆ〉 and
m˜ = 〈δψˆδψˆ〉 are the normal and “anomalous” densities
of the excited particles expressed through the variance of
the field δψˆ = ψˆ − 〈ψˆ〉, the condensate wave function is
supposed to be normalized to unity at the initial instant
of time, coupling constant g is defined as g = 4πh¯2a/M ,
a is the s-wave atomic scattering length, and M is the
atomic mass. Note that if the thermal densities n˜ and m˜
are known the above equation is exact [13].
We will be interested in oscillating solutions of (1)
whose frequency is close to the frequency ωkmode of the
one of the zero-temperature condensate excitations. We
will use the following ansatz
φ(t) (2)
=
{
φ(0) +Dφ(−)e−i(ωkmode+ǫ)t +D⋆φ(+)e+i(ωkmode+ǫ)t
}
×e−iµ t
n˜(t) = n˜(0) + n˜(−)e−i(ωkmode+ǫ)t + n˜(+)e+i(ωkmode+ǫ)t (3)
m˜(t) (4)
=
{
m˜(0) + m˜(−)e−i(ωkmode+ǫ)t + m˜(+)e+i(ωkmode+ǫ)t
}
×e−2iµ t
1
to describe the motion of the condensate and thermal
cloud. Here ǫ is the frequency shift of interest, µ is the
chemical potential, andD is the amplitude of the conden-
sate oscillations. We will suppose also that the thermal
densities n˜ and m˜ are known functions of the amplitude
D:
n˜ = n˜(D) m˜ = m˜(D) (5)
Furthermore we will assume that the oscillations of the
thermal density are “induced” by the condensate oscilla-
tions and, therefore, the (+)- and (−)-components of the
thermal density go to zero as the condensate oscillation
amplitude D goes to zero: n˜(−,+)(D = 0) = m˜(−,+)(D =
0) = 0.
There are two independent small parameters present in
the problem: the ratio between the non-condensed and
condensed densities n˜/nc and the amplitude D. Let us
now expand φ, µ, and ǫ into a double series with respect
to both n˜/nc and D, expand n˜ and m˜ into a simple series
with respect to D, and then insert this expansions in
the condensate equation (1). To zeroth order in n˜/nc
and for the infinitely small amplitudes of the condensate
oscillations, the stationary part of the condensate wave
function is given by the ground state solution Φ of the
Gross-Pitaevskii equation
[
p2
2M
+ Vtrap + gNc|Φ|2
]
Φ = µ0Φ , (6)
where the chemical potential µ0 is chosen in such a way
that the condensate wave function is properly normal-
ized: 〈Φ|Φ〉 = 1. The oscillating part of the condensate
wave function
|φ(−/+)≻ .=
(
φ(−)
(φ(+))⋆
)
(7)
appears only in the first order in D (and zeroth order in
n˜/nc): it is given by
|φ(−/+)≻≈ |Wkmode≻ (8)
where |Wkmode ≻ .= (Ukmode , Vkmode) is the mode func-
tion of the collective excitation we work with. This
mode function is represented by an eigenstate of the
Bogoliubov-de-Gennes Liouvillian
L0 =
(
L0 M0
−M⋆0 −L0
)
(9)
L0 =
p2
2M
+ Vtrap + 2gNc|Φ|2 − µ0
M0 = gNcΦ
2
of an energy Ekmode = h¯ωkmode . The eigenstate
|Wkmode ≻ is supposed to be “normalized” to unity:
≺Wkmode |Wkmode≻= 1 , where the bilinear form ≺·|·≻
is defined as
≺Wp|Wq≻ .=
∫
d3r {U⋆pUq − V ⋆p Vq) . (10)
Let us now consider the terms of the first order in
n˜/nc and zeroth order in D in the lhs and rhs of the
condensate equation (1). To this order of approximation
we can calculate the thermal-cloud-induced correction to
the chemical potential ∆µ = µ− µ0, and it reads
∆µ =≺Φa|∆L˜(0)D=0|σ3Φ≻ . (11)
Note that this correction is given by an off-diagonal ma-
trix element of the stationary part of the thermal correc-
tion to the unperturbed Liouvillian L(0)
∆L˜(0) =
(
2gn˜(0) gm˜(0)
−g(m˜(0))⋆ −2g(n˜(0))
)
(12)
calculated between the zero-energy “condensate” eigen-
mode |Φ ≻ .= (Φ, −Φ⋆) and a state |Φa ≻ .=√
Nc
∂
∂Nc
(
√
Ncσ3|Φ ≻) introduced in [14,15] (so-called
“lost eigenvector”: it is the only eigenvector of the op-
erator (L0)2 not present in the set of the eigenstates of
L0 itself). The matrix σ3 =
(
1 0
0 −1
)
is the third Pauli
matrix.
To the same order in n˜/nc andD one can show that the
correction to the condensate wave function ∆Φ = φ(0)−Φ
is given by a solution of an inhomogeneous equation
L0|∆Φ≻= −(∆L˜(0)D=0 −∆µ) |σ3Φ≻ (13)
and is a subject of an additional constraint
≺Φ|∆Φ≻= 0 . (14)
Here the vector |∆Φ≻ is defined as |∆Φ≻ .= (∆Φ, ∆Φ⋆).
Consider now the terms in the equation (1) which are
linear with both n˜/nc and D. To this order the frequency
shift we are interested in is given by
h¯ǫ =≺Wkmode |∆L(0)c +∆L˜(0)D=0 −∆µσ3|Wkmode≻ (15)
+ ≺Wkmode |
∂
∂D
∆L˜(−/+)D=0 |σ3Φ≻
where the condensate-induced correction to the Liouvil-
lian (9) and the oscillating part of the thermal correction
to it read
∆Lc = (16)(
2g[Φ⋆∆Φ+∆Φ⋆Φ] 2gΦ∆Φ
−2gΦ⋆∆Φ⋆ −2g[Φ⋆∆Φ+∆Φ⋆Φ]
)
∆L˜(−/+) =
(
2gn˜(−) gm˜(−)
−g(m˜(+))⋆ −2g(n˜(+))⋆
)
(17)
respectively. The formulas (11,13,15) defining the finite-
temperature frequency shift of the condensate oscillation
frequency is the central result of our paper.
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In the derivation above we have used a conjecture
of completeness of the basis formed by the vectors
{ |Φ≻ ; |Φa≻ ; |Wk≻ ; |σ1W ⋆k≻ } (see [15]), where the
mode functions |Wk≻ are the positive energy eigenstates
of the unperturbed Liouvillian:
L0|Wk≻= Ek|Wk≻ (18)
and σ1 =
(
0 1
1 0
)
is the first Pauli matrix. Note that to
the first order in n˜/nc the thermal-cloud-induced correc-
tions to the mode energies read
∆Ek =≺Wk|∆L(0)c +∆L˜(0)D=0 −∆µσ3|Wk≻ . (19)
To define the frequency shift (15) in an excitation ex-
periment one should know the stationary part L˜(0)D=0 of
the non-condensed corrections to the condensate Liouvil-
lian and the “dynamical polarizability” ∂∂D∆L˜
(−/+)
D=0 . In
general such a calculation would require a detailed knowl-
edge of the dynamical response of all the thermal modes
and it is a complicated numerical problem. However in
some cases the calculation can be simplified: that is, for
example, the case of an accidental degeneracy between
the condensate oscillation frequency ωkmode and one of
the eigenfrequencies of the thermal cloud ωk2 − ωk1 :
ωkmode ≈ ωk2 − ωk1 . (20)
In this case the time evolution of the cloud gets domi-
nated by the two resonant modes (1 and 2) and the ther-
mal cloud can be treated in a kind of resonant approxima-
tion, where only two modes evolve with time. The latter
assumption is justified for the case of the “m = 2” ex-
citation experiment at JILA where the frequency of the
mode of interest ωkmode = ωn=0,m=+2 ≈ 1.45ωρ turns
out to be close to the differential frequency ωk2 − ωk1 =
ω
[−]
n=2,m=+1 − ωn=0,m=−1 ≈ 1.65ωρ (mode classification
corresponds to one suggested in [16]).
At this point we have to chose a specific model to de-
scribe the evolution of the thermal cloud: in what fol-
lows we will treat the thermal particles using a time-
dependent Hartree-Fock-Bogoliubov approximation [8].
Under this approximation the evolution of the variance
δψˆ = ψˆ − 〈ψˆ〉 of the bosonic field will be governed by a
mean-field equation
h¯
∂
∂t
δψˆ = [
p2
2M
+ Vtrap + 2g(nc + n˜) ] δψˆ
+ g(mc + m˜) δψˆ
† . (21)
Furthermore we will suppose that prior to the excitation
the system was in a thermal equilibrium.
Following the “resonant approximation” program de-
scribed above one can show that in the resonant case
the evolution of the thermal cloud is governed by a sim-
ple equation for an effective two-level atom in a resonant
field of a Rabi frequency
h¯ΩRabi/2 = 2gNc ≺Wk2 |{(σ3Φ)⊗Wkmode}|Wk1≻ D
+O(D2) (22)
and detuning
h¯δ = h¯ǫ− [(Ek2 +∆Ek2)− (Ek1 +∆Ek1)− Ekmode ]
+O(D) , (23)
where the energy shifts ∆Ek are given by (19) and the
tensor product {· ⊗ ·} is defined as
{Wp ⊗Wq} (24)
=
(
[U⋆pUq + V
⋆
p Vq] V
⋆
p Uq
−U⋆pVq −[U⋆pUq + V ⋆p Vq]
)
.
We can identify two distinct classes of small collective
excitations of the system: for the excitations of the first
class (↓) the stationary part of the thermal cloud is the
same as in thermodynamic equilibrium prior to the be-
ginning of the excitation process; for the second class (↑)
the populations of the two resonant modes are inverted
with respect to the thermal equilibrium.
The thermal Liouvillian components (12, 17) we are
interested in now read
∆L˜(0)D=0 = ∆L˜equilib. (25)
+2g(Nk1 −Nk2) ({Wk2 ⊗Wk2} − {Wk1 ⊗Wk1})
×
(
w + 1
2
)
∂
∂D
∆L˜(−/+)D=0 = 2g(Nk1 −Nk2){Wk1 ⊗Wk2}
×
(
∂
∂D
ρ21
)
, (26)
where
w =
{ −1, , for the (↓)-mode
+1, , for the (↑)-mode (27)
is the population inversion;
ρ21 = −ΩRabiw / 2δ (28)
is the coherence induced between mode 2 and mode 1;
Nk = {exp(Ek/T )− 1}−1 are the Bose-Einstein occupa-
tion numbers in the thermal equilibrium; ∆L˜equilib. =
((2gn˜equilib., gm˜equilib.), (−gm˜⋆equilib., −2gn˜equilib.)) is
the thermal cloud induced correction to the Bogoliubov-
de-Gennes Liouvillian (9) calculated in the state of ther-
mal equilibrium. Notice that we have preserved the first
order in n˜/nc terms in the denominator of the expression
for the detuning (23), though this seems to contradict
the expansion procedure we have chosen. In the resonant
case, however, the presence of this terms is well justified
since in this case the mean-field shifts ∆Ek and the fre-
quency shift ǫ can approach the “zeroth order” splitting
Ek2 − Ek1 − Ekmode .
3
1.2
1.3
1.4
1.5
1.6
0.4 0.5 0.6 0.7 0.8 0.9 1
Ex
ci
ta
tio
n 
fr
eq
ue
nc
y,
  
ω
 / 
ω
ρ
Temperature,  T/T
c
( )
)(
JILA, "m=2"
Resonant HFB
E[ - ]
2 , + 1
E
0 , - 1
h ω
0 , + 2
FIG. 1. Shift of the frequency of the “m=2” collective ex-
citation with respect to its zero-temperature value as a func-
tion of temperature. Lines show the collective modes we have
found. Down(up) arrow corresponds to the normal(inverted)
mode. Errorbars show JILA experimental data [2]. As a unit
of frequency the radial trap frequency ωρ has been chosen.
The inset illustrates the relationship between the energies of
the modes involved in the model.
The formula for the frequency shift (15) along with
those for the corrections to the Bogoliubov-de-Gennes Li-
ouvillian (16,25) and dynamical polarizability of the ther-
mal cloud (26) provides us with a closed implicit system
of algebraic equations from which one can extract the val-
ues of the finite-temperature resonant corrections to the
oscillations frequencies of the condensate. At the Fig.1
we show a comparison of our predictions with the exper-
imental measurement of the “m=2” condensate frequen-
cies at JILA. We would suppose that in the temperature
range below T ∼ .65Tc the “normal” mode was excited
in the experiment, whereas above this temperature the
experimental points correspond to the “inverted” mode.
The point at T ∼ .65Tc can be associated with any of the
two modes or, probably, with a superposition of them.
In our calculations the condensate wave-function Φ,
“lost vector” Φa, chemical potential µ, and thermal-
cloud-induced correction to the condensate wave-function
∆Φ were described within the Thomas-Fermi approxi-
mation. The mode functions |Wkmode≻= |Wn=0,m=+2≻,
|Wk1≻= |Wn=0,m=−1≻, and |Wk2≻= |Wn=2,m=+1,[−]≻
were approximated by the Thomas-Fermi expressions
presented in [16]. For the mode energies we were using
the finite-N numerical values calculated in [17], as the ef-
fect we are describing is very sensitive to the actual value
of the energy splittings. Throughout our calculations we
where neglecting the thermal equilibrium part ∆L˜equilib.
of the Liouvillian as this type of perturbation has been
shown to have no significant effect in the frequency shifts
[5].
As we pointed out above, one of our collective modes
corresponds to the inversion of populations of the ther-
mal modes 1 and 2. Whether such an inversion can be
reached in the experiment depends on details of the exci-
tation procedure. We have checked, however, that the
3% amplitude variation of the trap frequency used in
the JILA experiment is a strong saturating perturba-
tion of the transition between the {n = 0,m = −1}
and {n = 2,m = +1, [−]} thermal modes, and, there-
fore, the “inverted” mode could, indeed, be excited dur-
ing the excitation stage. The answer of the question on
which particular mode will be excited at a given tem-
perature would involve a time-dependent analysis of the
whole experimental sequence: it is a subject of our future
research.
Two conclusions can be drawn from our work: (a) At
finite temperatures the spectrum of the collective exci-
tations of the condensate is essentially different from the
spectrum of the elementary excitations, in contrary to the
zero-temperature case. Comparison of the expressions
(15) and (19) for the finite-temperature corrections to
the former and latter shows that the collective excitation
shift contains an extra term proportional to the “dynami-
cal polarizability” of the thermal cloud; (b) Quantization
of motion of the thermal quasi-particles is important and
it can lead to significant effects, at least in the resonant
case described in our paper.
Note also, that in the off-resonant limit our results are
consistent with the conclusions of the work [8].
I would like to express my appreciation for many useful
discussions with M. Naraschewski, Y. Castin, M. Pren-
tiss, and J. H. Thywissen. I am grateful to the JILA
group for providing me with the experimental data. I
was supported by the National Science Foundation grant
for light force dynamics #PHY-93-12572 and by the
grant PAST of the French Government. This work was
also partially supported by the NSF through a grant
for the Institute for Theoretical Atomic and Molecular
Physics at Harvard University and the Smithsonian As-
trophysical Observatory. Laboratoire Kastler-Brossel is
an unite´ de recherche de l’Ecole Normale Supe´rieure et
de l’Universite´ Pierre et Marie Curie, associe´e au CNRS.
[1] M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E.
Wieman, E. A. Cornell, Science, 269, 5221 (1995); K. B.
Davis, M.-O. Mewes, M. R. Andrews, N. J. van Druten,
D. S. Durfee, D. M. Kurn, W. Ketterle, Phys. Rev. Lett.,
75, 3969 (1995); C. C. Bradley, C. A. Sackett, R. G.
Hulet, Phys. Rev. Lett., 78, 985 (1997)
[2] D. S. Jin, M. R. Matthews, J. R. Ensher, C. E. Wieman,
and E. A. Cornell, Phys. Rev. Lett., 78 (1997) 764
4
[3] D. M. Stamper-Kurn, H.-J. Miesner, S. Inouye, M. R.
Andrews, and W. Ketterle, 〈 cond-mat/9801262 〉
[4] D. A. W. Hutchinson, E. Zaremba, A. Griffin, Phys. Rev.
Lett., 78, 1833 (1997)
[5] R. J. Dodd, M. Edwards, Charles W. Clark, and K. Bur-
nett, Phys. Rev. A 57, R32 (1998)
[6] D. A. W. Hutchinson, R. J. Dodd, and K. Burnett,
〈 cond-mat/9805050 〉
[7] M. Bijlsma and H. T. C. Stoof, Phys. Rev. A 55, 498
(1997)
[8] S. Giorgini, Phys. Rev. A 57, 2949 (1998)
[9] A. Minguzzi and M. P. Tosi, J. Phys.: Condens. Matter,
9, 10211 (1997)
[10] M. J. Bijlsma and H. T. C. Stoof, 〈 cond-mat/9807051 〉
[11] V. B. Shenoy and Tin-Lun Ho, Phys. Rev. Lett., 80, 3895
(1998)
[12] P. O. Fedichev and G. V. Shlyapnikov, 〈 cond-
mat/9805015 〉
[13] A. Griffin, Phys. Rev. B, 53, 9341 (1996)
[14] M. Lewenstein and Li You, Phys. Rev. Lett., 77, 2158
(1996)
[15] Y. Castin and R. Dum, Phys. Rev. A, 57, 3008 (1998)
[16] P. Ohberg, E. L. Surkov, I. Tittonen, S. Stenholm, M.
Wilkens, and G. V. Shlyapnikov, Phys. Rev. A, 56,
R3346 (1997)
[17] Li You, W. Hoston, and M. Lewenstein, Phys. Rev. A,
55, R1581 (1997)
5
